0.1. Overview. The purpose of this note is to give a presentation of the intersection ring of the moduli space M 0,n of stable n-pointed curves of genus zero. In the first section we recall general facts about the moduli space M 0,n . There are several constructions of this space. We recall three of them and present another construction of M 0,n as a blow-up of the variety (P 1 ) n−3 . In the next section we describe the intersection ring of the moduli space in terms of generators and relations. We give a description of a basis for the Chow groups. We show that with respect to our basis for the Chow groups there is an explicit duality between the Chow groups in complementary degrees. This duality was implied by the result of Keel [K] from his inductive argument. He shows that dual bases for
line sending these points to 0, 1, ∞ respectively. This means that the space M 0,n coincides with U := (P 1 − {0, 1, ∞}) n−3 − ∆,
where ∆ stands for the big diagonal consisting of all points where at least two coordinates become equal to each other. The moduli space of stable n-pointed curves of genus zero is introduced by Grothendieck in [D] as a compactification of the moduli space M 0,n and is studied by Knudsen in [Kn] . This coincides with the Deligne-Mumford compactification of the moduli space M 0,n which is defined in a more general setting. We recall the definition. Let S be a scheme, and let n ≥ 3 be an integer. Definition 1.1. A stable n-pointed curve of genus zero over S is a flat and proper morphism π : C → S together with n distinct sections σ i : S → C such that
• The geometric fibers C s of π are reduced and connected curves with at most ordinary double points.
• C s is smooth at P i = σ i (s) for 1 ≤ i ≤ n.
• The points P i and P j are distinct for i = j.
• The number of points where a nonsingular component E of C s meets the rest of C s plus the number of points P i on E is at least 3.
• The curve C s is of arithmetic genus zero, i.e. H 1 (C s , O Cs ) = 0.
Let M 0,n be the functor which sends a scheme S to the collection of stable n-pointed curves of genus zero over S modulo isomorphisms. In [Kn] Knudsen shows that this functor is represented by a smooth complete variety X n together with a universal curve π : U n → X n , and universal sections σ 1 , . . . , σ n . His method is inductive: Suppose U n → X n with sections σ 1 , . . . , σ n represents M 0,n . Then U n × Xn U n → U n with the pulled back sections σ 1 , . . . , σ n and the additional section coming from the diagonal is the universal n-pointed curve with an additional section. There is a blow-up (U n × Xn U n ) s of U n × Xn U n (which he calls the stabilization of the family U n × Xn U n → U n ) so that (U n × Xn U n ) s → U n is the universal (n + 1)-pointed curve. In particular, X n+1 = U n . As Keel remarks in [K] the computation of the intersection ring of M 0,n from this construction becomes difficult since the fibered product U n × Xn U n is not smooth, and the blow-up is not along a regularly embedded subscheme.
In [K] Keel gives an alternative inductive method. He shows that π can be factored as
X n where π 1 is projection on the first factor, and ρ is a composition of blow-ups of smooth varieties along smooth codimension two subvarieties. This enables him to give a complete description of the intersection ring of the moduli space. In particular, he proves that the canonical map from the Chow groups to homology (in characteristic zero) is an isomorphism. He gives a recursive formula for the Betti numbers of M 0,n . Keel also gives an inductive recipe for determining dual bases in the Chow rings and shows that the Chow ring is generated by divisors. He also describes the ideal of relations.
M. M. Kapranov [Ka] gives another construction of M 0,n via a sequence of blowups: Choose n − 1 generic points q 1 , . . . , q n−1 in P n−3 . The variety M 0,n can be obtained from P n−3 by a series of blow-ups of all the projective spaces spanned by the q i . The order of these blow-ups can be taken as follows:
(1) The points q 1 , . . . , q n−2 and all the projective subspaces spanned by them in order of increasing dimension. (2) The point q n−1 , all the lines q 1 , q n−1 , . . . , q n−3 , q n−1 and the subspaces spanned by them in order of increasing dimension. (3) The line q n−2 , q n−1 , the planes q i , q n−2 , q n−1 , i = n−3 and all subspaces spanned by them in order of increasing dimension, etc.
We give another construction of M 0,n as a natural compactification of the moduli space M 0,n : Let X be the (n − 3)-fold product of the projective line P 1 and I be a subset of the set {1, . . . , n} such that ( * ) |I ∩ {n − 2, n − 1, n}| ≤ 1 and 3 ≤ |I| ≤ n − 2.
The subvariety X I of X is defined as follows: If the intersection I ∩ {n − 2, n − 1, n} is the empty set, it is defined to be the set of all points (x 1 , . . . , x n−3 ) in X where the coordinates corresponding to the index set I are equal to each other. Otherwise, consider the following correspondence n − 2 ↔ 0,
We refer to n − 2, n − 1, n as special elements. In this case the subvariety X I consists of all points in X where the coordinates corresponding to non-special elements in I are equal to the point specified via the above correspondence to the special element of I. Notice that the subvariety X I is of dimension n − 2 − |I|. For example, let n = 6, I = {1, 2, 3} and J = {2, 3, 4}. Then
We identify M 0,n with the open subset U of X mentioned above consisting of all points whose coordinates are distinct from each other and don't belong to the set {0, 1, ∞}. The universal family over M 0,n is the trivial family
where π is the projection onto the first factor. Let the universal sections of this family be σ 1 , . . . , σ n . We assume that the last three sections are constant, sending a point P on M 0,n to the points 0, 1, ∞ of the fiber over P respectively. The space M 0,n is obtained from X by the following sequence of blow-ups: First blow-up three points X {1, ...,n−3,n−2} , X {1, ...,n−3,n−1} and X {1, ...,n−3,n} . This separates all lines X I for which |I| = n − 3. Then blow up the proper transform of all these lines. We continue this process and increase the dimension of the blow-up centers at each step. Note that at each step the blow-up center is the regularly embedded union of the proper transform of subvarieties X I . This process goes on as long as |I| ≥ 3. The exceptional divisor of the blow-up along the subvariety X I is denoted by D I as well as the class of its proper transform under later blow-ups.
The family π extends to a family over the resulting space X and permits n disjoint sections in the smooth locus of the fibers. This requires a blow-up of the total space of the family along the inverse image via π of the ideal sheaf of the blow-up centers on the base of the family. For the precise statement see Corollary 7.15 in [H] . We denote the resulting family by the same letter π and its sections by σ 1 , . . . , σ n , by abuse of notation. The family π induces a morphism
The morphism F sends the point P ∈ X to the isomorphism class of the pointed curve (π −1 (P ); σ 1 (P ), . . . , σ n (P )).
The restriction of the morphism F on the open subset U ⊂ X defines an isomorphism between U and the image F (U ) = M 0,n . This means that F is a birational morphism. The study of the fibers of F and Theorem 7.17 in [H] show that F is an isomorphism. 
THE CHOW RING OF M 0,n
We first review some general facts from [FM] about the intersection ring of the blowup Y of a smooth variety Y along a smooth irreducible subvariety Z. When the restriction map from A * (Y ) to A * (Z) is surjective, S. Keel has shown in [K] that the computations become simpler. We denote the kernel of the restriction map by J Z/Y so that
Define a Chern polynomial for Z ⊂ Y , denoted by P Z/Y (t), to be a polynomial
where d is the codimension of Z in Y and a i ∈ A i (Y ) is a class whose restriction in
where π : Y → Y is the birational morphism. Let E ⊂ Y be the exceptional divisor. The formula of Keel is as follows: The Chow ring A * ( Y ) is given by
The following facts are used to find the relation between the ideals J V /Y and J V / Y for a subvariety V of Y :
• Suppose that V is a nonsingular subvariety of Y that intersects Z transversally in an irreducible variety V ∩ Z, and that the restriction
• Suppose that Z is the transversal intersection of nonsingular subvarieties V and W of Y , and that the restrictions
It follows that the restriction map to a blow-up center in the construction of M 0,n is a surjection: The inclusion of the subvariety i I : X I → X is a section of a projection from X onto X I . This gives the injectivity of push-forward and the surjectivity of pull-back via the inclusion i I .
In our situation it is easy to determine a Chern polynomial for the blow-up centers. Since the involved blow-up centers are transversal intersection of divisors, it will be enough to know the following two simple facts:
• A Chern polynomial for a divisor class D is t + D.
• If the subvariety Z is a transversal intersection of the subvarieties V and W , then Z has a Chern polynomial
Other useful formulas give the relation between a Chern polynomial P V /Y (t) of a subvariety V and its proper transform V :
For the proofs, see Section 5 in [FM] . In the study of the intersection pairing of a blow-up, there is a simple relation between certain intersection numbers in A * ( Y ) and numbers in A * (Y ):
Proof. This is Lemma 5.3 in [T] .
The following vanishing result will be useful:
Proposition 2.2. Let I, J ⊂ {1, . . . , n} be subsets satisfying condition ( * ). The product
Proof. The proof is similar to that of Proposition 3.7 in [T] .
We are now able to study the intersection ring of the moduli space M 0,n more closely. As we saw above, the moduli space is constructed as a result of a sequence of blow-ups of the algebraic variety X. The Chow ring of X is generated by the divisor classes a i for 1 ≤ i ≤ n − 3, where the class a i of degree one is defined to be the pull-back of the positive generator for the Chow ring of the projective line P 1 via the projection onto the i th factor. The space of relations is generated by the relations a 2 i = 0. The pull-backs of these classes to the moduli space are denoted by the same letters.
2.1. The space of relations. The discussion above shows that the Chow ring of the moduli space M 0,n is generated over Z by the classes a i and the exceptional divisors D I . To give a complete description of the intersection ring we need to understand the space of relations among the generators:
• There are the relations a
• For subsets I, J ⊂ {1, . . . , n}, satisfying condition ( * ), the product
• For any subset I ⊂ {1, . . . , n}, fulfilling the requirement ( * ), consider the inclusion
The relations
hold. The injectivity of the push-forward map on the Chow groups shows that this kernel is the same as the kernel of the operator X I ∩ − : A * (X) → A * (X) defined by the rule x → X I ∩ x, which is easy to compute.
• As we saw above, in blowing up the variety Y along a subvariety Z ⊂ Y , if the center Z can be written as the transversal intersection of the subvarieties V and W of Y , then the class P W/Y (−E Z ) is in the ideal J V / Y . This means that the product P W/Y (−E Z ) · E V is zero, where E V is the class of the exceptional divisor of the blow-up along the subvariety V . We get a class of relations of this type by writing the centers of blow-ups introduced in the construction of the space M 0,n as transversal intersections in different ways. If the subvariety V can be written as a transversal intersection
where E Z is the class of the exceptional divisor of the blow-up of Y along Z. These give another class of relations in A * (M 0,n ).
2.2.
Example. Let I be a subset of the set {1, . . . , n − 3} containing at least 3 elements and let i, j ∈ I be distinct elements. Notice that
from which the relation (a i − a j ) · D I = 0 follows.
Standard monomials. Any monomial
, where a(v) is a product of a i 's and D(v) is a product of exceptional divisors. The relations described in 2.1 can be used to get a smaller set of generators for the intersection ring. To enumerate the monomials we associate a graph to the generator v. We first define an ordering on the polynomial ring
. . , n}, where I satisfies ( * )]. Definition 2.3. Let I, J ⊂ {1, . . . , n}, we say that I < J if
• |I| < |J| • or if |I| = |J| and the smallest element in I − I ∩ J is smaller than the smallest element of J − I ∩ J. Put an arbitrary total order on monomials in
Suppose v 1 , v 2 ∈ R are monomials. We say that v 1 < v 2 if we can write them as
and
Ir , for I m < . . . < I 1 , and i r0 < j r0 ; or if r 0 = 0 and a(v 1 ) < a(v 2 ). Furthermore, we say that v 1 ≪ v 2 , if for any factor D I of v 2 we have that
Im , where i r = 0 for r = 1, . . . , m and I m < . . . < I 1 , be a monomial. The directed graph G = (V G , E G ) associated to v or of the collection I 1 , . . . , I m is defined by the following data:
• A set V G and a one-to-one correspondence between members of V G and members of the set {1, . . . , m}. The elements of V G are called the vertices of G.
• A set E G ⊂ V G × V G consisting of all pairs (r, s), where I s is a maximal element of the set {I i : I i ⊂ I r } with respect to inclusion. The elements of E G are called the edges of G. For a vertex i ∈ V G , the closure i ⊂ V G is defined to be the subset {r ∈ V G : I r ⊆ I i } of V G . The degree deg(i) of i is defined to be the number of the elements of the set {j ∈ V G : (i, j) ∈ E G }.
A vertex i ∈ V G is called a root of G if I i is maximal with respect to inclusion of sets. Maximal vertices of G are called external and all the other vertices will be called internal.
In the following, we use the letters I 1 , . . . , I m to denote the vertices of G.
Remark 2.5. It is easy to see that the graph G associated to a non-zero monomial v has no loop.
Therefore, we refer to G as the associated forest of v or of the collection I 1 , . . . , I m .
Definition 2.6. Let v be as in Definition 2.4, G be the associated forest, and J 1 , . . . , J s , for some s ≤ m, be roots of G satisfying {n − 2, n − 1, n} ∩ J r = ∅. For each such root J r let α r ∈ J r be the smallest element. The subset S of the set {1, . . . , n − 3} is defined as follows:
• For each r we have that
It is now easy to see by the same argument as in Proposition 5.9 in [T] that:
, is additively generated by standard monomials.
Definition of the dual element.
In this section we show that there is an involution on the intersection ring of M 0,n which gives a one-to-one correspondence between standard monomials in
is a standard monomial, where a(v) is a product of a i 's for i ∈ A v ⊆ {1, . . . , n − 3} and
where i r = 0 for r = 1, . . . , m, and I m < . . . < I 1 . Let G be the associated forest, and J 1 , . . . , J s , the set S and α r ∈ J r for 1 ≤ r ≤ s be as in Definition 2.6. The subset T of the set S is defined to be
, where
Ir .
Remark 2.9. It is straightforward to see that the dual of a standard monomial v is well-defined and furthermore, it is standard. The property v * * = v shows that the operator * is an involution.
The next lemma will be useful in the proof of Proposition 2.13 and identity (3) Proof. It is immediate from the definition of the j r 's above.
The pairing
In the previous part, we defined dual elements for standard monomials. Below, we will see that with respect to the ordering of the generators of the Chow groups given in 2.3 the resulting intersection matrix between the standard monomials and their duals consists of identity matrices along the main diagonal, up to a sign, and all blocks below the diagonal are zero. To prove the stated properties of the intersection matrix, we introduce a natural filtration on the Chow ring.
Definition 2.11. Let v be a standard monomial as given in Definition 2.6, and let J 1 , . . . , J s be the roots of the associated forest. Define p(v) to be the degree of the element
which is the same as the integer
The subspace F p A * (M 0,n ) of the Chow ring is defined to be the Z-submodule generated by standard monomials v satisfying p(v) ≥ p.
Proposition 2.12. (a) For any integer p, we have that
Proof. The proof is similar to the proof of Proposition 5.15 in [T] .
Using property (b) in the previous proposition we can show the triangular property of the intersection matrix:
can be written as a product v · w, for v, w ∈ A * (M 0,n ) satisfying the properties given in Proposition 2.12. For the argument, see Proposition 5.16 in [T] .
To study the square blocks on the main diagonal we relate the numbers occurring in the intersection matrix to numbers in the Chow group A 0 (X). We first recall the relevant identity:
Let Y be a blow-up of X at some step in the construction of M 0,n . Suppose that
is a transversal intersection of cycles, where
Denote by E Z the exceptional divisor of the blow-up Bl Z Y of Y along Z and by E V1 , . . . , E V k those of the blow-up Y of Bl Z Y along the proper transform of the subvarieties V 1 , . . . , V k . In [T] it is proven that the following identity holds in A r+d+k (Y ):
This identity reduces the number of exceptional divisors by one for certain monomials. If the codimension of the subvariety V i is r i and that of Z is r 0 , then from the proven result in Lemma 2.1 one gets the following identity:
We now use this identity to compute the numbers occurring on the main diagonal of the intersection matrix. Let I 1 , . . . , I m be subsets of the set {1, . . . , n} such that each pair I r and I s satisfies property ( * * ). Let G be the associated forest of the collection I 1 , . . . , I m and J 1 , . . . , J s , the set S and α r ∈ J r for 1 ≤ r ≤ s be as in Definition 2.6. Define 
is in the form given above. We can now prove our main result: Theorem 2.14. The Chow ring A * (M 0,n ) of M 0,n is the polynomial ring over Z with generators a i , 1 ≤ i ≤ n − 3, and D I for subsets I ⊂ {1, . . . , n} satisfying ( * ), modulo the ideal generated by the relations in 2.1. The involution * defines a duality between the Chow groups in complementary degrees. More precisely, for each 0 ≤ d ≤ n − 3, the intersection pairing
Proof. We have observed that the intersection ring is generated by the divisor classes a i , D I over Z, and that the relations are those described in 2.1. To prove the non-degeneracy of the intersection pairing we show that the intersection matrix From identity (3) we see that the intersection numbers
the same up to a sign. The latter matrix is the identity matrix for the natural choice of basis for the Chow groups of (P 1 ) S . This proves the claim.
Remark 2.15. Let us compare our result with that of Keel in [K] . He shows that the Chow ring of M 0,n is generated by all divisor classes D I for which I ⊂ {1, . . . , n} satisfies |I ∩ {n − 2, n − 1, n}| ≤ 1 and |I| ≥ 2. In his description the markings 1,2,3 play the rule of n − 2, n − 1, n in ours. Here we replace the divisors D I for which |I| = 2 with the divisor classes a i . They are related by the following formulas:
Keel shows that the ideal of relations is generated by the following ones: For any four distinct elements i, j, k, l ∈ {1, . . . , n}:
and 
EXAMPLES
• The moduli space M 0,3 = M 0,3 consists of a single point and its Chow ring is isomorphic to the ring of integers Z.
• M 0,4 = P 1 , and its intersection ring is
, where a 1 is the class of a point. Note that:
• M 0,5 is P 1 × P 1 blown-up at 3 points. It is a del Pezzo surface of degree 5. The exceptional divisors of the blow-ups are D 1,2,3 , D 1,2,4 , D 1,2,5 . One has the following relations:
1,2,5 = −a 1 a 2 . In particular, from the relations above we see directly that the intersection ring is generated by the 5 classes a 1 , a 2 , D 1,2,3 , D 1,2,4 , D 1,2,5 . The involution * permutes the classes a 1 , a 2 and fixes the exceptional divisors. The resulting intersection matrix of the pairing A 1 (M 0,5 ) × A 1 (M 0,5 ) is:
• M 0,6 is obtained from P 1 × P 1 × P 1 as follows: Let X 1,2,3,4 = (0, 0, 0), X 1,2,3,5 = (1, 1, 1), X 1,2,3,6 = (∞, ∞, ∞), X 1,2,4 = 0 × 0 × P 1 , X 1,3,4 = 0 × P 1 × 0, X 2,3,4 = P 1 × 0 × 0, X 1,2,5 = 1 × 1 × P 1 , X 1,3,5 = 1 × P 1 × 1, X 2,3,5 = P 1 × 1 × 1, X 1,2,6 = ∞ × ∞ × P 1 , X 1,3,6 = ∞ × P 1 × ∞, X 2,3,6 = P 1 × ∞ × ∞, X 1,2,3 = {(x, x, x) : x ∈ P 1 }.
The blow-up of the 3 points X 1,2,3,i for i = 4, 5, 6 separates 10 lines X I for which |I| = 3. Blowing-up the proper transform of these 10 lines gives M 0,6 . Notice that: a 1 = D 1,4 +D 1,2,4 +D 1,3,4 +D 1,2,3,4 = D 1,5 +D 1,2,5 +D 1,3,5 +D 1,2,3,5 = D 1,6 +D 1,2,6 +D 1,3,6 +D 1,2,3,6 , a 2 = D 2,4 +D 1,2,4 +D 2,3,4 +D 1,2,3,4 = D 2,5 +D 1,2,5 +D 2,3,5 +D 1,2,3,5 = D 2,6 +D 1,2,6 +D 2,3,6 +D 1,2,3,6 , a 3 = D 3,4 +D 1,3,4 +D 2,3,4 +D 1,2,3,4 = D 3,5 +D 1,3,5 +D 2,3,5 +D 1,2,3,5 = D 3,6 +D 1,3,6 +D 2,3,6 +D 1,2,3,6 .
There are several classes of relations. We write a few examples: 
